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Although malaria prevalence has witnessed a signiﬁcant reduction within the past decade, malaria still
constitutes a major health and economic problem, especially to low-income countries. Insecticide-
treated nets (ITNs) remain one of the primary measures for preventing the malignant disease. Unfor-
tunately, the success of ITN campaigns is hampered by improper use and natural decay in ITN-efﬁcacy
over time. Many models aimed at studying malaria transmission and control fail to account for this
decay, as well as mosquito demography and feeding preferences exhibited by mosquitoes towards
humans. Omitting these factors can misrepresent disease risk, while understanding their effects on
malaria dynamics can inform control policy. We present a model for malaria dynamics that incorporates
these factors, and a systematic analysis, including stability and sensitivity analyses of the model under
different conditions. The model with constant ITN-efﬁcacy exhibits a backward bifurcation emphasizing
the need for sustained control measures until the basic reproduction number, R0, drops below a critical
value at which control is feasible. The infectious and partially immune human populations and R0 are
highly sensitive to the probability that a mosquito feeds successfully on a human, ITN coverage and the
maximum biting rate of mosquitoes, irrespective of whether ITN-efﬁcacy is constant or declines over
time. This implies that ITNs play an important role in disease control. When ITN-efﬁcacy wanes over
time, we identify disease risks and corresponding ITN coverage, as well as feeding preference levels for
which the disease can be controlled or eradicated. Our study leads to important insights that could assist
in the design and implementation of better malaria control strategies. We conclude that ITNs that can
retain their effectiveness for longer periods will be more appropriate in the ﬁght against malaria and that
making more ITNs available to highly endemic regions is necessary for malaria containment.
& 2016 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).Ltd. This is an open access article u
d.edu,1. Introduction
Malaria is a life-threatening parasitic, mosquito-borne disease
affecting predominantly low-income regions of the world. Cur-
rently, ﬁve species of Plasmodium parasites cause malaria in
humans, with Plasmodium falciparum resulting in the most severe
symptoms and greatest morbidity and mortality. The World Health
Organization (WHO) estimated that there were 214 million casesnder the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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thousand of which were among African children below the age of
ﬁve (World Health Organisation, 2015). While these statistics
represent an improvement upon previous years and can be
attributed to resolute control efforts, these numbers remain stag-
geringly high, and African children bare the brunt of the burden
(World Health Organisation). Several forms of intervention exist to
combat malaria, including antimalarial drugs, insecticides, larvi-
cides, and intermittent preventive treatment. One of the simplest
forms of malaria control is the use of insecticide-treated bed-nets
(ITNs), i.e., both long lasting insecticide-treated bed-nets (LLIN)
and insecticide-treated ordinary bed-nets, to shield humans from
mosquitoes and to kill mosquitoes that land on the nets. Female
Anopheles mosquitoes require blood-meals to produce viable eggs,
and it is through these blood-meals that mosquitoes can infect
humans with Plasmodium parasites, and likewise, humans can
infect mosquitoes (Klowden, 1995; Attardo et al., 2006). Because
some species of mosquitoes, e.g., Anopheles gambiae sensu stricto
blood-feed predominantly at night, proper use of insecticide-
treated bed nets can be an effective means of reducing contacts
between mosquitoes and humans, thereby reducing the likelihood
of disease-transmission.
Inability of at-risk populations in hyper-endemic or holo-endemic
malaria regions to afford ITNs, and improper use of ITNs when they
are available (Minakawa et al., 2008; Kayedi et al., 2008; Honjo et al.,
2013; McLean et al., 2014) remain major limitations to the success of
ITN campaigns, and hence malaria control. In 2013, about 44–54% of
sub-Saharan African households owned at least one ITN, marking a 2%
decrease from the number of households in 2012, (World Health
Organisation, 2014). Despite this decline, a substantial number of sub-
Saharan African households have embraced ITNs as a malaria control
measure, with about 86% of households with access to ITNs in 2013,
actually sleeping under the ITNs compared to less than 35% in pre-
vious years (World Health Organization, 2013). For effectiveness,
ordinary nets require regular re-coating with insecticides every six
months (Schellenberg et al., 2001; Lengeler et al., 2004), which might
not be cost-effective, while LLINs, currently recommended by WHO,
can retain their effectiveness for about three years (WHO, 2011). In
addition to the fact that the efﬁcacy of LLINs wanes naturally over
time, LLINs hardly attain their prescribed lifespans because of inap-
propriate use and handling by humans, e.g., some sub-Saharan African
inhabitants’ wash and/or expose ITNs to sunlight frequently or use
them for other purposes such as ﬁshing (Minakawa et al., 2008;
Kayedi et al., 2008; Honjo et al., 2013; McLean et al., 2014).
Most existing mathematical models aimed at assessing the impact
of LLINs on malaria prevalence and control, see, for example, Killeen
and Smith (2007); Gu and Novak et al. (2009); Chitnis et al. (2010);
Briët et al. (2012); Agusto et al. (2013), fail to capture this decline in
LLIN efﬁcacy, although it is associated with important malaria control
implications. Briët et al. (2012) utilized a stochastic simulation-based
tool to evaluate, among other LLIN-effectiveness factors, the impact of
physical and chemical decay and discovered that the decay rate of
insecticides and the attrition rate of LLINs play big roles in assessing
malaria transmission. Ngonghala et al. (2014) proposed a model that
accounts for this decline and found out that ITNs designed to last
longer will be more useful in combatting malaria and that uncertainty
and variability in ITN coverage and the human-biting rate of mos-
quitoes contribute most in generating variability and uncertainty in
malaria dynamics. They also demonstrated that in hyper-endemic and
holo-endemic regions, ITNs need to be complemented with other
interventions in order to contain malaria. This model, among others
mentioned above, fail to account for mosquito feeding and repro-
duction patterns explicitly, as well as preferential attraction exhibited
by mosquitoes to infectious humans or infectious mosquitoes to
humans and the associated additional mosquito mortality risk.Recent studies suggest that mosquito feeding preferences are
affected by both the infectious status of the host and the infectious
status of the mosquito. Lacroix et al. (2005) showed that children
with gametocytes – sexual forms of Plasmodium falciparum para-
sites that are infectious to mosquitoes – in their blood are more
attractive to Anopheles gambiae mosquitoes than children without
gametocytes. This suggests that the presence of gametocytes in
human blood can inﬂuence mosquito-feeding habit, so that they
show more preference towards humans harboring gametocytae-
mia. Related studies in Koella et al. (1998) suggest that Anopheles
gambiae mosquitoes carrying sporozoites – asexual forms of Plas-
modium falciparum parasites that are infectious to humans, acquire
more blood than those with no sporozoites, and are more likely to
feed on more humans per night compared to their uninfected
counterparts. Since ITNs are primarily used at night and anthro-
pophilic malaria vectors like Anopheles gambiae s.s. bite between
dusk and dawn, a study like this is very important. It is worth
mentioning that other malaria vectors like Anopheles arabiensis
that tend to bite earlier in the day, might be less anthropophilic.
Smallegange et al. (2013) demonstrated that when mosquitoes are
presented with a choice between a substrate with human odor
and a clean substrate, both infected and uninfected mosquitoes
show more attraction to the substrate containing human odor;
however, the degree of attraction towards the human odors was
higher in the infected mosquitoes compared with uninfected
mosquitoes. Cator et al. (2013) showed that Anopheles stephensi
mosquitoes with Plasmodium yoelii sporozoites were more
attracted to a human host than those with non-infectious Plas-
modium yoelii oocysts. Their ﬁndings were consistent with the
overwhelming hypothesis that Plasmodium parasites modify the
nourishment behavior of mosquitoes. See Cator et al. (2012) for a
review of evidence on mosquito-behavior alteration and the
importance of the alteration on the spread of malaria. This biased
feeding preference exhibited by mosquitoes extends beyond
humans: studies on avian malaria by Cornet et al. (2013) indicate
that mosquitoes that are either infected or uninfected with
malaria parasites show strong attraction to infected birds. Despite
this experimental and ﬁeld-study evidence, only a few mathe-
matical models for malaria, e.g., Kingsolver (1987); Chamchod and
Britton (1987) have accounted for the fact that mosquitoes exhibit
a different level of attraction to infected humans compared to
uninfected humans. Accounting for such biases in malaria models
will lead to a better quantiﬁcation of disease dynamics and hence
provide an opportunity for the design and implementation of
better control strategies.
There is an emerging mathematical modeling literature on the role
of mosquito demography/feeding and reproduction patterns on the
dynamics of malaria transmission and control (Cator et al., 2014;
Chitnis et al., 2012; Ngwa, 2006; Ngonghala et al., 2012, 2014; Ngwa
et al., 2014;Ngonghala et al.). Cator et al. (2014) used a mathematical
model to demonstrate the potential impact of decreased feeding
during the oocyst stage (one of the non-infectious stages of the
malaria parasite in mosquitoes) and increased feeding during the
sporozoite stage (the infectious stage of the malaria parasite in mos-
quitoes) on the total number of infectious bites a mosquito has during
its lifetime. The authors found that even under conservative
assumptions about the impact of infection status on mosquito biting-
behavior, one could expect, based on laboratory-derived estimates of
feeding behavior during the oocyst and sporozoite stages, at least a
50% increase in the force of infection in many transmission settings.
References (Ngwa, 2006; Ngonghala et al., 2012, 2014; Ngwa et al.,
2014;Ngonghala et al.) consider a dynamic modeling approach, and
identify and separate the mosquitoes involved in disease transmission
(adult female mosquitoes questing for blood at human habitats) from
those at mosquito breeding sites (newly emerged adult female mos-
quitoes, together with previously fed mosquitoes that have just laid
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and reproduction patterns) of the mosquito population explicitly
accounts for the reproductive gains that accrue to the mosquito's
population as a result of its interaction with humans. Thus, appro-
priately interpreting this aspect of the life cycle of the mosquito is
important in informing malaria transmission and the design and
implementation of possible control measures, especially mosquito
control interventions. Note in this case that if we assume that mos-
quitoes do not breed inside human dwellings, mosquito control
through ITN and IRS will target only questing mosquitoes, while the
use of larvicides, outdoor spraying and destruction of mosquito-
breeding grounds close to human habitats will target breeding site
mosquitoes. To the best of our knowledge, no dynamical mathema-
tical model has addressed the interplay between infection-
manipulated mosquito feeding behavior and mosquito demography,
feeding and reproduction patterns.
The efﬁcacy of ITNs in containing malaria relies on mosquito
nourishment and reproduction patterns. Thus, an understanding of
mosquito demography and feeding patterns, as well as feeding biases
exhibited by mosquitoes towards humans, e.g., infected mosquitoes
exhibit more attraction towards humans or infected humans attract
more mosquitoes, can inform health policy on how to use ITNs more
efﬁciently, or even the design and implementation of new and better
malaria intervention measures. In the present work, we propose and
study a mathematical model for malaria transmission and control, in
which ITN usage, the decline in ITN efﬁcacy over time, and a demo-
graphic aspect of the mosquito population – mosquito feeding and
reproduction behavior – are accounted for explicitly. We model ITN
use and the decay in ITN efﬁcacy over time through a non-linear time-
dependent function as in Ngonghala et al. (2014). As in Ngwa (2006);
Ngonghala et al. (2012, 2014); Ngwa et al. (2014);Ngonghala et al.,
mosquito feeding and reproduction behavior is introduced by distin-
guishing between different classes of mosquitoes – adult female
mosquitoes at mosquito breeding sites and questing mosquitoes
foraging for nourishment at human dwellings. We use our model to
explore: (1) whether the combined framework of modeling ITN-use
and mosquito reproduction and feeding patterns provides a better
approach for understanding the dynamics of malaria and the potential
for developing and implementing better control strategies; (2) the
effects of decay in ITN efﬁcacy over time on malaria prevalence and
control in this combined framework; and (3) the effects of biased
feeding preference exhibited by mosquitoes towards humans har-
boring gametocytaemia and enhanced attraction to humans exhibited
by infected mosquitoes. The novelty in this work resides in the
introduction of attraction and feeding biases exhibited towards
humans by infected mosquitoes, and the combination of the decay in
ITN efﬁcacy over time, mosquito demography and biting/feeding
biases exhibited by mosquitoes towards humans in a single frame-
work. To the best of our knowledge, this is the ﬁrst mathematical
model that addresses these important control, transmission and
demographic aspects of mosquitoes in a single framework.Fig. 1. Flow chart showing movements of humans between human classes,
movements of mosquitoes between mosquito classes and interactions between
humans and mosquitoes. Interactions that do not give rise to new human or
mosquito infections are denoted by thin dashed, dash-dotted and dash-dotted-
dotted lines, while interactions that give rise to new human and mosquito infec-
tions are denoted by thick green dashed line (for new human infections), thick red
dash-dotted-dotted line (for new mosquito infections resulting from interactions
with infectious humans) and thick purple dash-dotted line (for new mosquito
infections resucting from interactions with partially immune humans). In order to
track the class to which individuals proceed after an interaction, the same line-style
is used to denote interaction and movement of an individual to the next class.
Movements between the other human classes are denoted by solid blue lines, while
those between the other mosquito classes are denoted by solid red lines. Human
and mosquito deaths are denoted by dotted lines. See Table 3 for full forms of the
terms depicted by the π's, with the exception of πiwsh ; which is given in the text. (For
interpretation of the references to color in this ﬁgure caption, the reader is referred
to the web version of this paper.)2. The mathematical model
In this section, we develop the mathematical model for ITN-use
and mosquito demography/reproduction cycle. Based on disease sta-
tus, humans are classiﬁed as susceptible, infectious or recovered
(partially immune), while mosquitoes are placed into susceptible and
infectious classes, leading to an SIRS framework for the humans and
an SI framework for the mosquitoes. There is no recovered class for
the mosquitoes since we are assuming that infectious mosquitoes
maintain that state for the rest of their lives. Based on mosquito-
demography and feeding patterns, the mosquito population is also
classiﬁed into breeding site and questing mosquitoes, so that we now
have susceptible and infectious mosquitoes resting or swarming atmosquito breeding sites, and susceptible and infectious questing
mosquitoes seeking to feed on humans at human habitats. Thus,
contrary to traditional SIRS malaria models, which feature a single
susceptible and a single infectious mosquito class, our model features
two susceptible and two infectious mosquito classes, in order to
emphasize the role of mosquito demography and/or feeding/repro-
duction patterns. Note that as opposed to the three mosquito demo-
graphy and feeding/reproduction classes in Ngwa (2006); Ngonghala
et al. (2012, 2014); Ngwa et al. (2014);Ngonghala et al., we have only
two such classes here. A ﬂow chart showing human and mosquito
classes together with various movements and interactions between
these classes is presented in Fig. 1.
Descriptions of the state variables and the parameters used in
the model are provided in Tables 1 and 2 and details on the var-
ious forms of interactions between different classes of mosquitoes
and humans follow thereafter.
In addition to feeding on nectar and other plant juices, adult
female mosquitoes require blood for the development of their eggs.
Hence, breeding site female mosquitoes visit humans at their dwell-
ings in quest for blood. As in Ngwa (2006); Ngonghala et al. (2012,
2014), it is assumed that during a feeding encounter with a human, a
questing mosquito can succeed in feeding with probability pw or fail
with probability 1pw, in which case it is assumed killed. Feeding is
followed by resting to allow for digestion of the acquired blood and for
development of eggs. Nourished mosquitoes can rest on walls in
human dwellings, in which case they risk being killed by humans or
insecticides if the home uses indoor residual spraying (IRS); or out-
doors, in which case they are subject to predation or being killed by
other animals. Fed mosquitoes eventually identify a breeding site to
which they return and lay their eggs, with the choice of breeding site
to which the mosquito returns determined by factors such as proxi-
mity to where the mosquito fed and safety from predators (Wrona
and Dixon, 1991). Therefore, we introduce the probability, θw, to
account for the proportion of fed mosquitoes, which return safely to
Table 1
State variables and descriptions. The human population is divided into susceptible (Sh), infectious (Ih), and partially immune (Rh) classes, while the mosquito population is
divided into susceptible breeding site (Su) and questing (Sw) mosquitoes and infectious breeding site (Iu) and questing mosquitoes (Iw).
State variables Brief descriptions of state variables
Sh Susceptible humans. These are humans with no Plasmodium (malaria-causing) parasites.
Ih Infectious humans. These are humans who have contracted the malaria disease, exhibit clinical symptoms of the disease and who contribute in the
spread of the disease.
Rh Partially immune humans. Humans with no clinical disease symptoms but who harbor gametocytes (sexual forms of the malaria parasite), which can be
picked up by mosquitoes.
Nh Total human population: Nh ¼ Shþ IhþRh .
Su Susceptible breeding site mosquitoes. These are newly emerged adult female mosquitoes together with previously fed susceptible mosquitoes, which
have laid eggs at breeding sites.
Iu Infectious breeding site mosquitoes. These are previously fed infectious mosquitoes at breeding sites, which have laid eggs and are about to begin
another host-seeking process.
Sw Susceptible questing/fed mosquitoes. These are susceptible mosquitoes, which are foraging for blood meals at human habitats or susceptible mos-
quitoes, which have acquired blood meals and are either resting or in transit to mosquito breeding sites to reproduce.
Iw Infectious questing/fed mosquitoes. These are infectious mosquitoes, which are foraging for blood meals at human habitats or infectious mosquitoes,
which have successfully acquired blood meals and are either resting or in transit to mosquito breeding sites to reproduce.
Nv Total mosquito population: Nv ¼NuþNw , where Nu ¼ Suþ Iu and Nw ¼ Swþ Iw , are, respectively, the total breeding site and the total questing/fed
mosquito populations.
Table 2
Brief descriptions of the model parameters. The dimensions of dimensional parameters are enclosed in parantheses. The following abbreviations are used for the dimensions:
H¼human, D¼day, M¼mosquito.
Parameter Brief description and dimension Range of values Baseline value Source
Λh Reproduction rate of humans (HD1). ½8:0;12:5  101 1.21 Estimated from Central Intelligence Agency (2014a)
μh Natural mortality rate of humans (D1). ½2:04;3:62  105 3:01 105 Estimated from Central Intelligence Agency (2014b)
δh Disease-induced mortality rate (D1). ½0:0;4:1  104 9:0 105 Chitnis et al. (2008)
γh Rate at which infectious humans recover
without acquiring immunity (D1).
½5:6;56  103 5:6 103 Filipe et al. (2007); Bloland and Williams (2002)
σh Rate at which infectious humans recover with
partial immunity (D1).
½1:4;17  103 3:5 103 Molineaux and Gramiccia (1980); Bloland and Wil-
liams (2002); Chitnis et al. (2008)
ρh Rate at which humans lose incomplete immu-
nity to become susceptible (D1).
½5:5;110  105 5:5 104 Chitnis et al. (2008)
μu Breeding site mosquito death rate (D1). ½1:0;100  103 5:0 102 Anderson et al. (1992); Chitnis et al. (2008)
λm Birth rate of mosquitoes (MD1). Varies Varies
kw Mosquito carrying capacity (M). Varies 1 105
μw0 ITN-induced mosquito death rate (D1). ½1:0;5:0  101 1:0 101 Lines et al. (1987)
αu Human-dwelling visitation rate of infectious
breeding site mosquitoes (D1).
[0.5, 1.0] 5:0 101 Ngwa (2006)
ϕ Ratio of average number of bites placed by
susceptible mosquitoes on humans to those
placed by infected mosquitoes.
[0.0, 1.0] 3:3 101 Smallegange et al. (2013)
βmax Maximum mosquito-biting rate (D1). ½1:0;10  101 6:7 101 Gu et al. (2003); Gupta et al. (1994)
βmin Minimum mosquito-biting rate (D1). ½0:0;1:0  101 1:0 102
b0 Initial ITN protection or coverage. [0.0, 1.0] 5:4 101 World Health Organization (2013)
piwsh Transmission probability from infectious mos-
quitoes to susceptible humans.
½1:0;27  102 1:0 101 Gupta et al. (1994); Krafsur and Armstrong (1978);
Nedelman (1985)
pihsw Transmission probability from infectious
humans to susceptible mosquitoes.
½7:2;64  102 4:0 101 Drakeley et al. (2006); Smalley and Sinden (1977);
Nedelman (1984)
prhsw Transmission probability from partially
immune humans to susceptible mosquitoes.
½7:2;640  103 3:0 102 Alves et al. (2002); Smalley and Sinden (1977);
Nedelman (1984)
pw Probability that a mosquito attempting to feed
on a human is successful.
[0.0, 1.0] 9:5 101
θw Probability that a fed mosquito returns to the
breeding site successfully.
[0.0, 1.0] 9:4 101 Estimated from Chitnis et al. (2012)
η Increased attraction factor expressed by infec-
tious mosquitoes.
varies 2.0 Koella et al., 1998
bw Probability that a mosquito prefers to feed on a
susceptible human.
[0.0,1.0] 2:0 101 Estimated
ξih bw Probability that a mosquito prefers to feed on
an infectious human.
varies 2bw Lacroix et al. (2005)
ξrh bw Probability that a mosquito prefers to feed on a
partially immune human.
varies 2bw Lacroix et al. (2005)
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mosquito gets killed. Although the focal point of this study is not IRS,
it is worth mentioning that θw can serve as a parameter to study IRS
and other risks to which mosquitoes are exposed between the time
they succeed in feeding and when they lay eggs. Both aspects haveimportant implications for malaria control. After laying eggs, pre-
viously questing/fed mosquitoes regain the status of breeding site
mosquitoes and the cycle continues until the mosquito dies.
Published research in Lacroix et al. (2005) reveals that mos-
quitoes exhibit biased preference in feeding on humans depending
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impact of this biased-feeding preference on malaria prevalence
and control, we assume that mosquitoes exhibit feeding-bias
towards susceptible, infectious and partially immune humans
with probabilities bw; ξih bw and ξrhbw, respectively, where
bwð1þξih þξrh Þ ¼ 1, i.e., bw ¼ 1=ð1þξihþξrhÞ. Experimental ﬁnd-
ings in Lacroix et al. (2005) suggest that mosquitoes are two times
more likely to feed on humans harboring gametocytes, the form of
the malaria parasite that are infectious to mosquitoes, than
humans harboring sporozoites or no malaria parasites, i.e., ξih ¼ 2.
Similar ﬁndings by Cornet et al. (2013) reveal that susceptible or
infectious mosquitoes show more attraction to infectious birds.
Unlike the studies in Lacroix et al. (2005); Cornet et al. (2013),
experimental evidence in Koella et al. (1998); Smallegange et al.
(2013) suggest that Plasmodium parasites can trigger a modiﬁca-
tion in the host-seeking and feeding behavior of infectious Ano-
pheles gambiae mosquitoes so that they exhibit more attraction to
humans compared to their uninfected counterparts. This beha-
vioral modiﬁcation is modeled by introducing a biased-attraction
factor 0oϕr1 in the human visitation rate of mosquitoes, so that
infectious mosquitoes visit humans at human dwellings at con-
stant rate αu, while susceptible mosquitoes visit humans to forage
for blood at rate ϕαu. For simplicity, we have assumed a constant
ﬂow-rate of mosquitoes to human dwellings. See Ngwa (2006);
Ngonghala (2011); Ngonghala et al. (2012, 2014), for details on one
way in which this ﬂow-rate can be modeled. Since attraction
might not necessarily result in a contact or a bite, it is reasonable
to introduce the infectious mosquito preference factor in the rate
at which mosquitoes visit humans as opposed to the contact
terms. Smallegange et al. (2013) demonstrated that when a sub-
strate with human odor was presented to mosquitoes, infectious
mosquitoes were three times more attracted to the human odor
than uninfected mosquitoes. This implies that infected mosquitoes
might be three times more likely to bite humans than uninfected
mosquitoes. To incorporate this ﬁnding into our model, we deﬁne
ϕ to be the ratio of the average number of bites placed by sus-
ceptible mosquitoes on humans to those placed by infected mos-
quitoes per unit time, i.e. ϕ¼ 1=3. Results of a ﬁeld study in Koella
et al. (1998) show that infectious female mosquitoes are more
likely to feed on more humans per night than uninfected mos-
quitoes. We model this biased feeding preference by introducing a
biting frequency factor η, so that the biting rates of susceptible and
infectious mosquitoes are, respectively, βw and ηβw. Koella et al.
(1998) determined that η 2. Studies by Anderson et al. (2000)
suggest that Anopheles gambiae s.l. mosquitoes carrying Plasmo-
dium falciparum sporozoites experience an increased risk of biting-
induced mortality than their uninfected counterparts. This dis-
covery is supported by previous research ﬁndings in Rossignol
et al. (1986); Wekesa et al. (1992); Koella et al. (1998); Anderson
et al. (1999). The additional mortality of mosquitoes harboring
sporozoites is captured implicitly in our model through the
attraction preference factor, 1=ϕ, expressed by infectious mos-
quitoes questing for blood meals at human habitats. This is
because questing mosquitoes suffer additional death due to ITN-
usage compared to breeding site mosquitoes. Thus, the fact that
infected mosquitoes are more attracted to humans implies that
more infectious mosquitoes risk being killed while trying to feed.
Disease transmission results from successful interactions
between humans and mosquitoes. As in Ngonghala et al. (2014),
we distinguish between mosquito-human interactions that lead to
new human or mosquito infections, i.e., interactions that are
associated with the forces of infection, and interactions that do not
result in new infections. Interactions between susceptible humans
and infectious questing mosquitoes given by πiwsh ¼ ηbwβwpw
piwsh Iw=Nh, where the biting rate, βw, of mosquitoes is deﬁned in
Eq. (2.1) and piwsh is the transmission probability from infectiousmosquitoes (Iw) to susceptible humans (Sh), lead to new human
infections. On the other hand, interactions between susceptible
questing mosquitoes and infectious or partially immune humans
modeled through the terms πihsw ¼ ξihbwβwpwpihswθwIh=Nh and
πrhsw ¼ ξrhbwβwpwprhswθwRh=Nh, respectively, can generate new
mosquito infections. Similar to the deﬁnition of the transmission
probability piwsh , pihsw and prhsw are the transmission probabilities
from infectious humans to susceptible mosquitoes, and from par-
tially immune humans to susceptible mosquitoes, respectively.
Although we focus only on interactions that introduce new human
infections for the human population, it is important to account for
interactions that do not generate new mosquito infections since
they contribute to the growth of the mosquito population and
mosquito mortalities during and after the encounter with humans.
Thus, we account for interactions in which susceptible questing
mosquitoes feed on infectious or partially immune humans but do
not acquire the infection denoted by ~π swih and ~π swrh , respectively.
We also account for successful interactions between: susceptible
questing mosquitoes and susceptible humans, denoted by πswsh ;
infectious questing mosquitoes and susceptible humans, denoted
by πiwsh ; infectious questing mosquitoes and infectious humans,
denoted by πiwih ; and infectious questing mosquitoes and partially
immune humans, denoted by πiwrh . Finally, we account for the
occurrence rates of additional mosquito mortalities during and
after the blood-meal encounter with humans denoted by π0nhsw ¼
Γshsw þΓ0shsw þΓihsw þΓ
0
ihsw
þ ~Γ ihsw þΓrhsw þΓ
0
rhsw
þ ~Γ rhsw ¼ bwβwð1
pwθwÞðShþξihIhþξrhRhÞ=Nh and πnhiw 0 ¼Γshiw þ Γ
0
shiw
þΓihiw þΓ
0
ihsw
þΓrhsw þΓ0rhsw ¼ ηbwβwð1pwθwÞðShþξihIhþξrhRhÞ=Nh. See Table 3
for the various π's and the Γ's.
Personal protection against malaria through the use of ITNs
wanes over time as the ITNs lose their efﬁcacy. This is accom-
panied by a reduction in the rate at which mosquitoes that land on
ITNs get killed. We adopt the approach in Ngonghala et al. (2014)
and model personal protection through ITN-use, the decline in ITN
efﬁcacy over time and the additional mosquito mortalities
resulting from ITN-use by introducing the following functional
forms for the biting rate of mosquitoes, βw, and the ITN-induced
mosquito mortality rate μw:
βwðbβw ðtÞÞ ¼ βmaxðβmaxβminÞbβw ðtÞ; bβw ðtÞ
¼ 2
nþ1
2nþ1
2n1
2nþ1þ
1
1þ tmodT
T=2
 n
0
BBB@
1
CCCAb0; ð2:1Þ
μwðbμw ðtÞÞ ¼ μuþμw0bμw ðtÞ; bμw ðtÞ
¼ 2
nþ1
2n
 1
2nþ1þ
1
1þ tmodT
T=2
 n
0
BBB@
1
CCCAb0; ð2:2Þ
where 0rb0r1 is the initial ITN coverage, T40 is the lifespan or
effectiveness period of ITNs and n41 is a shape parameter. As
noted in Ngonghala et al. (2014), bβw and bμw can be modeled using
other functions. The assumption governing our choice is the fact
that regular nets offer about half the level of protection as new
ITNs. This agrees with studies that have shown that untreated nets
offer about half the level of protection offered by ITNs against
malaria (Clarke et al., 2001; WHO, 2007). The functional forms
could be derived mechanistically; however, this is more involved
and thus constitutes the subject for another study together with a
relaxation of the assumption that all ITNs are replaced at once.
Using the schematics (Fig. 1) and Table 3, we write the fol-
lowing model describing mosquito reproduction patterns, trans-
mission of malaria between humans and mosquitoes, and personal
Table 3
Interactions between humans and mosquitoes and additional mosquito mortalities during and after feeding encounters with humans. Interactions leading to new human
infections, πiwsh , are excluded from the table since the ensuing ﬂow is within the human population. The π's depict interactions in which mosquitoes succeed in feeding and
possibly get infected if they fed on infectious or partially immune humans, the ~π 's depict interactions in which mosquitoes feed on infectious and partially immune humans
but do not get infected, the Γ's depict situations in which mosquitoes succeed in feeding but do not succeed in returning to the breeding site, while the Γ0 's denote
interactions in which mosquitoes fail in the attempt to feed on humans. The ~Γ 's denote interactions in which mosquitoes feed successfully, but do not become infected, and
do not succeed in returning to a breeding site.
(a) Interactions between susceptible mosquitoes and humans. The interactions πihsw and πrhsw lead to new mosquito infections. Additional susceptible questing
mosquito mortalities occur at rate given by π0nhsw ¼ Γshsw þΓ0shsw þΓihsw þΓ0ihsw þ ~Γ ihsw þΓrhsw þΓ
0
rhsw
þ ~Γ rhsw ¼ bwβwð1pwθwÞðShþξihIhþξrhRhÞ=Nh .
Feeds and returns to breeding site Feeds but gets killed Fails to feed
Sh
πshsw ¼
bwβwpwθwSh
Nh
Γshsw ¼
bwβwpwð1θwÞSh
Nh
Γ0shsw ¼
bwβwð1pwÞSh
Nh
Ih
πihsw ¼
ξihbwβwpwpihsw θwIh
Nh
Γihsw ¼
ξihbwβwpwpihsw ð1θwÞIh
Nh
Γ0ihsw ¼
ξihbwβwð1pwÞIh
Nh
~π ihsw ¼
ξihbwβwpwð1pihsw ÞθwIh
Nh
~Γ ihsw ¼
ξihbwβwpwð1pihsw Þð1θwÞIh
Nh
Rh
πrhsw ¼
ξrhbwβwpwprhsw θwRh
Nh
Γrhsw ¼
ξrhbwβwpwprhsw ð1θwÞRh
Nh
Γ0rhsw ¼
ξrhbwβwð1pwÞRh
Nh
~π rhsw ¼
ξrhbwβwpw ð1prh sw ÞθwRh
Nh
~Γ rhsw ¼
ξrhbwβwpw ð1prh sw Þð1 θw ÞRh
Nh
(b) Interactions between infectious questing mosquitoes and humans. None of the interactions lead to new mosquito infections. Additional infectious mosquito
mortalities occur at rate given by π0nhiw ¼ Γshiw þΓ
0
sh iw
þΓih iw þΓ0ih iw þΓrh iw þΓ
0
rh iw
¼ ηbwβwð1pwθwÞðShþξihIhþξrhRhÞ=Nh .
Feeds and returns to breeding site Feeds but gets killed Fails to feed
Sh πsh iw ¼ ηbwβwpwθwShNh Γshiw ¼
ηbwβwpw ð1 θw ÞSh
Nh
Γ0sh iw ¼
ηbwβw ð1pw ÞSh
Nh
Ih πih iw ¼ ηξihbwβwpwθwIhNh Γih iw ¼
ηξihbwβwpw ð1θw ÞIh
Nh
Γ0sh iw ¼
ηξihbwβw ð1pw ÞIh
Nh
Rh πrh iw ¼ ηξrhbwβwpwθwRhNh Γrh iw ¼
ηξrhbwβwpw ð1 θw ÞRh
Nh
Γ0rh iw ¼
ηξrhbwβw ð1pw ÞRh
Nh
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_Sh ¼ΛhþγhIhþρhRhπiwsh ShμhSh;
_Ih ¼ πiwshShðδhþγhþμhþσhÞIh;
_Rh ¼ σhIhðμhþρhÞRh;
_Su ¼ θwλwðNwÞNwþΨ nhswSw ϕαuþμu
 
Su;
_Sw ¼ϕαuSuðΨ nhsw þΨ ðihþ rhÞsw þπ0nhsw þμwÞSw;
_Iu ¼Ψ ðih þ rhÞsw SwþΨ nhiw Iw αuþμu
 
Iu;
_Iw ¼ αuIuðΨ nhiw þπ0nhiw þμwÞIw; ð2:3Þ
where Ψ nhsw ¼ πshsw þ ~π ihsw þ ~π rhsw ¼ bwβwpwθwðShþξih ð1p ihsw ÞIh
þξrh ð1prhsw ÞRhÞ=Nh, Ψ ðih þ rhÞsw ¼ πihsw þπrhsw ¼ bwβwpwθw ðξihpihsw
Ihþ ξrhprhswRhÞ=Nh, Ψ nhsw þΨ ðihþ rhÞsw þπ0nhsw ¼ πshsw þπihsw þ πrhsw þ
~π ihsw þ ~π rhsw þπ0nhsw ¼ bwβwðShþξih IhþξrhRhÞ=Nh, Ψ nhiw ¼ πshiw þ
πihiw þ πrhiw ¼ ηbwβwpwθwðShþξih IhþξrhRhÞ=Nh, and Ψ nhiw þπ0nhiw ¼
πshiw þπihiw þ πrhiw þπ0nhiw ¼ ηbwβwðShþξih IhþξrhRhÞ=Nh. The resp-
ective governing equations for the total human and mosquito
populations are:
_Nh ¼ΛhμhNhδhIh; ð2:4Þ
_Nm ¼ θwλwðNwÞNw
bwβwð1pwθwÞðShþξih IhþξrhRhÞ
Nh
ðSwþηIwÞμuNuμwNw; ð2:5Þ
where the total breeding site and questing mosquito populations
are Nu ¼ Suþ Iu and Nw ¼ Swþ Iw. As in Ngwa (2006); Ngonghala
et al. (2012, 2014), the mosquito birth function is: λwðNwÞ
¼ λm 1Nwkw
 
, where λm40 is the intrinsic mosquito birth rate
and kw40 is the carrying capacity, i.e., the maximum number of
mosquitoes a breeding ground can hold without experiencing
adverse or detrimental consequences. Eq. (2.5), has been expres-
sed in a form to emphasize its dependence on the biting rate of
mosquitoes, βw, which is a function of ITN use, the probability that
a mosquito succeeds in feeding, pw and the probability that a
successfully fed mosquito returns to a breeding site, θw. Theseconstitute important control parameters for the mosquito popu-
lation and hence the malaria disease. Note that pw can be used to
determine the magnitude of additional questing mosquito mor-
tality during the encounter with humans, while θw can be used to
determine the magnitude of additional successfully fed mosquito
mortalities.3. Analysis of the model with constant ITN efﬁcacy
Assuming that ITN efﬁcacy does not change over time, i.e.,
bβ ¼ bμw ¼ b0, the total human population equilibrates at Λh=μh in
the absence of malaria and NhrΛhμh in the presence of the disease.
From Eq. (2.5), if μv ¼minðμu;μwÞ, then _NvrθwλwðNwÞN
wμvNv3Nvrθwλmkwμv þ Nvð0Þ
θwλmkw
μv
 
eμvtrθwλmkwμv , when Nvð0Þ
rθwλmkwμv . Thus, the epidemiologically feasible region
Ω¼ XAR7þ : 0oNhrΛhμh ;0oNvr
θwλmkw
μv
n o
, where X ¼ ðSh; Ih;Rh; Su
; Sw; Iu; IwÞ is positively invariant and attracting with respect to the
model system (2.3).
3.1. Disease-free model analysis
Vector control is one of the most effective ways of controlling
malaria. Thus, it is important to understand the dynamics of the
model in the absence of disease (i.e., Ih ¼ Iu ¼ Iw ¼ 0). The disease-
free model is:
_Sh ¼ΛhμhSh;
_Su ¼ θwλm 1
Sw
kw
 
SwþbwβwpwθwSwðϕαuþμuÞSu;
_Sw ¼ϕαuSuðbwβwþμwÞSw: ð3:1Þ
The mosquito sub-system is coupled to the human equation –
emphasizing the fact that mosquito population growth relies on
successful interactions between mosquitoes and humans. Thus,
ITNs will limit mosquito growth, since preventing them from
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a reduction in the intrinsic birth rate, λm. Also, killing mosquitoes
that land on ITNs reduces the mosquito population. Model (3.1)
has two equilibria – a mosquito-free equilibrium E0 ¼ Λh=

μh;0;0Þ, and a human-mosquito equilibrium Ehm:
Ehm ¼
Λh
μh
;
ðbwβwþμwÞðRm1ÞkwA0
ϕαuðϕαuλmθwÞ
;
ðRm1ÞkwA0
ϕαuλmθw
 
; where
Rm ¼ϕαuθwðbwβwpwþλmÞ=A0; and A0 ¼ ðbwβwþμwÞðϕαuþμuÞ:
The vectorial reproduction number, Rm, is the expected number of
mosquitoes at the breeding site introduced by a single previously
questing mosquito in the course of its reproductive life (Ngwa,
2006; Ngonghala et al., 2012, 2014). We use it to establish stability
results for the mosquito-free and human-mosquito equilibria of
the disease-free system, (3.1).
The mosquito-free equilibrium E0 , is globally and asymptoti-
cally stable when Rmo1, while the human-mosquito equilibrium,
Ehm exists and is locally and asymptotically stable when Rm41.
See the SI for details and the proof. Global stability of the
mosquito-free equilibrium indicates that the mosquito population
cannot be sustained when Rmo1, conﬁrming the fact that it is
possible to eliminate malaria by eliminating the vector that
transmits the disease from person-to-person. However, this
approach is infeasible in practice and has negative ecological
consequences, as it might distort the ecological food chain. Thus, a
better recommendation would be to reduce the mosquito popu-
lation to a low but sustainable level, in which case it is necessary
to have Rm41.
A local sensitivity analysis reveals that the vectorial reproduc-
tion number Rm, is most sensitive to the probability that a suc-
cessfully fed mosquito returns to a breeding site safely θw, and the
mosquito birth rate, λm, with respective elasticity indices, 1.0 and
0.61. That is, a 10% increase (respectively decrease) in θw will
generate a corresponding 10% increase (respectively decrease) in
Rm, while a 10% increase (respectively decrease) in λm will gen-
erate a corresponding 6.1% increase (respectively decrease) in Rm.
Rm is also highly sensitive to the maximum biting rate of mos-
quitoes βmax, the natural mortality rate of breeding siteFig. 2. Bifurcation diagram illustrating that Eqs. (2.3) with constant ITN efﬁcacy exhi
(Graphs (a)–(c)) and a forward bifurcation when δh ¼ 9 105 and λm ¼ 0:5 (Graphs (d)–
free and endemic) equilibria, while dashed red lines represent unstable equilibria. (For in
the web version of this paper.)mosquitoes, μu, the probability that a mosquito succeeds in
acquiring a blood meal, pw, the ITN coverage, b0, the susceptible
breeding site mosquito attraction coefﬁcient, ϕ, the infectious
breeding site mosquito human visitation rate, αu, and the ITN-
induced mosquito-mortality rate, μw0. The threshold Rm, is less
sensitive to the remaining parameters. See Chitnis et al. (2008);
Ngonghala et al. (2014, 2014) for details on the method of com-
puting the elasticity indices and the SI for the elasticity indices of
Rm to the other parameters. The high sensitivity of Rm to
λm;βmax;pw, and b0 indicates that ITNs are useful in malaria con-
trol. By shielding humans from mosquito bites, ITNs hinder mos-
quito feeding and thus reproduction.
3.2. Disease model analysis
We study the full model system (2.3), in the presence of
malaria when ITN efﬁcacy is assumed to be constant over time.
The basic reproduction number of system (2.3) obtained via the
next generation matrix method (Van den Driessche and Wat-
mough, 2002) is:
R0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðRm1ÞA4
ϕΛhλmA1A2A3
s
; ð3:2Þ
A0 ¼ ðbwβwþμwÞðϕ αuþμuÞ;A1 ¼ δhþγhþ μhþσh;A2 ¼ μhþρh;A3
¼ αuðηbwβwð1pwθwÞþμwÞþμuðηbwβ wþμw;A4 ¼ ηb2wβ2wp2wpiwshμ
hkwðξih pihswA2þξrhprhswσhÞA0, and limλm-1R0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
θwαuA4
ΛhA0A1A2A3
q
.
Eqs. (2.3) with bβ ¼ bμw ¼ b0 can have: one mosquito-free
equilibrium E0, one disease-free equilibrium Edf and zero, one,
two or three endemic equilibria, Ee. The equilibria, E0 and Edf, are
extensions of the mosquito-free and human-mosquito equilibria of
the disease-free system. It can be veriﬁed analytically that for the
special case in which δh ¼ 0, there is a possibility of two endemic
equilibria when R0o1. This signals the possibility of a backward
bifurcation. The mosquito-free state is locally asymptotically stable
if Rmo1 and unstable if Rm41. When Rm41, the disease-free
equilibrium Edf, is locally asymptotically stable if R0o1 andbits a backward bifurcation when δh ¼ 9 104 ; λm ¼ 0:5 and 0:83¼ Rbb0 oR0o1
(f)). The other parameters given in Table 2. Solid blue lines represent stable (disease-
terpretation of the references to color in this ﬁgure caption, the reader is referred to
C.N. Ngonghala et al. / Journal of Theoretical Biology 397 (2016) 179–192186unstable if R041. See the SI for the values of E0, Edf and Ee when
δh ¼ 0, as well as the proofs of the stability of E0 and Edf.
We study Eqs. (2.3) with bβ ¼ bμw ¼ b0 when the disease is viru-
lent, i.e., disease-related mortalities are not negligible. Unless other-
wise stated, the parameters used for the simulations are the baseline
values in Table 2. Our model exhibits a backward bifurcationwhen the
disease-induced mortality rate is large enough; a necessary and suf-
ﬁcient condition for backward bifurcation to occur is derived in the SI.
Fig. 2(a)–(c) illustrates the dynamics of the model for δh ¼ 9 104
and λm ¼ 0:5. Under this parameterization, the analytic condition for
backward bifurcation is satisﬁed, conﬁrming the fact that the system
can exhibit a backward bifurcation for biologically feasible parameters.
The saddle node bifurcation point, Rbb0 in Fig. 2(a)–(c), designates a
critical threshold for the system. If R0oRbb0 , the system has only one
equilibrium: a globally stable disease-free equilibrium. When
Rbb0 oR0o1, the system has two positive endemic equilibria (one
locally stable and one unstable) and a locally stable disease-free
equilibrium. When R041, the system has two equilibria: one locally
stable endemic equilibrium and one unstable disease-free equilibrium.
In the case where only a forward bifurcation occurs (Fig. 2(d)–(f)), it
sufﬁces to reduce R0 below unity to eliminate the disease in the long
run. However, under the regime of backward bifurcation, this may not
be sufﬁcient. To guarantee disease-elimination, control measures that
reduce R0 below R
bb
0 , which is equal to 0.83 under our parameteriza-
tion must be implemented. Backward bifurcations have been studied
in a number of epidemiological and biological systems and have
important consequences for disease control. See, for example, Castillo-
Chavez and Song (2004); Dushoff et al. (1998); Gumel (2012); Ngon-
ghala et al. (2012, 2014); Prosper et al. (2014) and the references
therein for some systems that exhibit this phenomenon and its various
causes.
A local sensitivity analysis shows that R0 is most sensitive to the
success feeding probability pw, the probability that a fed questing
mosquito returns to the breeding site safely θw, ITN coverage b0,
the probability that a mosquito is more likely to feed on a sus-
ceptible human bw, and the maximum mosquito biting rate βmax
with respective elasticity indices 1:60;1:34; 0:94;0:84 and 0.83.
The high sensitivity of R0 to pw;βmax and b0 implies that ITN use is
important in malaria control. See the SI for the other elasticity
indices and a global sensitivity analysis.
Heatmaps illustrating the effects of pairs of the attraction and
feeding preference parameters ξih; ξrh;η and ϕ on the infectious
human population are presented in Fig. 3 for λm ¼ 0:5; b0 ¼ 0:45 and
the other parameters in Table 2. The color represents the equilibrium
infectious human population, Inh, with the values of I
n
h increasing from
the dark blue region to the dark red region. Fig. 3(a) demonstrates that
disease prevalence is diminished when mosquitoes preferentially feed
on infectious humans. Furthermore, disease prevalence is lessFig. 3. Heatmaps showing the impact on the equilibrium infectious human population of
the equilibrium infectious human population, Inh . (a) ξih against ξrh: The highest equilibriu
(b) ξih versus ϕ: The infectious human population at equilibrium is highest for high v
population at equilibrium is highest for low values of ξrh and high values of ϕ. (d) η versus
references to color in this ﬁgure caption, the reader is referred to the web version of thsensitive to changes in preference for bloodmeals from partially
immune humans compared with infected humans. This suggests that
ξih is more important in determining the size of Inh than ξrh. On the
other hand, Fig. 3(b) illustrates that ϕ plays a more important role in
determining Inh than ξih. Depending on the value of ϕ, the relationship
between Inh and ξih may be either monotonically increasing, or non-
monotonic, with Inh maximized at intermediate values of ξih. The non-
monotonic relationship between Inh and ξih appears to be more pro-
nounced as ϕ increases. Fig. 3(c) suggests that disease prevalence
decreases with increasing ξrh, but increases with increasing ϕ. The
decrease with ξrh is small for smaller values of ϕ and increases with
increasing ϕ. Thus, there will be more disease if mosquitoes prefer
feeding on susceptible or infectious humans rather than on partially
immune humans, or if infectious mosquitoes show more attraction to
humans. This is consistent with the fact that disease prevalence will
be high when infectious mosquitoes exhibit more attraction towards
susceptible humans. Fig. 3(d) indicates that η plays a critical role in
determining disease persistence. Except for small values of ϕ, the
value of η is dominant in determining the size of the Inh. Both ϕ and η
must be sufﬁciently large to achieve the highest magnitude of Inh. Thus,
as expected, this implies that the infectious human population rises
more when infectious mosquitoes are attracted more to humans.
One conclusion from this analysis is that malaria prevalence is
diminished when infectious mosquitoes exhibit more attraction
towards infectious or partially immune humans, since this does not
enhance the production of new infectious individuals. However, a big
question arises when the number of susceptibles is extremely high
compared to the number of infectious. To address this question, let us
assume that the number of infectious questing mosquitoes is ﬁxed.
Thenwe are interested in knowing how fast malaria spreads when ξih
and ξrh are introduced for two different scenarios: (1) when the
number of infected individuals is small, and (2) when the number of
infectious individuals is relatively large. Suppose p¼Πshiw=ðΠshiwþ
Π ihiwþΠrhiwÞ ¼ Sh=ðShþξihIhþξrhRhÞ represents the probability that
infected mosquitoes can spread the disease given that they feed
successfully and return to the breeding site (since they spread the
disease only when they bite susceptible humans). Then, when the
number of infected humans is small, the probability p, approaches
unity when the infectious human population approaches zero, sug-
gesting that the effect of the feeding bias on how fast the disease
spreads is negligible. When the number of infected humans is large,
say, for example, the infectious and susceptible human population
sizes are the same and there is no partially immune human, the
probability, p reduces to 1=ð1þξihÞ. In this case, the speed of
spreading the disease decreases as the bias increases or as the size of
the infectious human population grows. Overall, ξih and ξrh will have
an impact on the basic reproduction number. However, the impact of
the biases will be minimal if the size of the infected human population
is small and greater as the infection becomes severe. Thus, whether ξihthe biased mosquito attraction and feeding preference factors. The color represents
m human population is observed at low values of ξih and intermediate values of ξrh.
alues of ϕ, and intermediate values of ξih. (c) ξrh against ϕ: The infectious human
ϕ: Disease prevalence is highest for high values of η and ϕ. (For interpretation of the
is paper.)
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portion of the population that is already infected.4. The impact of decline in ITN efﬁcacy over time
We investigate the dynamics of the full non-autonomous
malaria model given by Eqs. (2.1)–(2.3). When there is no dis-
ease, the system reduces to a version of Eqs. (3.1) in which bβ and
bμ are time-dependent and periodic. It can be veriﬁed that the
equilibrium solution of this disease-free system is ðSnh; Su
nðtÞ; SnwðtÞÞ ¼ ðΛh=μh; SnwðtÞ; SnuðtÞÞ, where ðSu; SwÞ ¼ ðSnu; SnwÞ is the
unique globally attractive T-periodic positive solution of the
equations for the susceptible breeding site and questing mosquito
populations (Nakata and Kuniya, 2010; Ngonghala et al., 2014) and
that the disease-free equilibrium of the full system (Eqs. (2.1)–
(2.3)) is ðSnh; Inh;Rnh; SnuðtÞ; SnwðtÞ; InuðtÞ; InwðtÞÞ ¼ ðΛh=μh;0;0; SnwðtÞ; SnuðtÞ;
0;0Þ. Also, it can be shown that the full system is well-posed from
a mathematical and epidemiological stand point. See, for example,
Ngonghala et al. (2014, 2014) for a similar analysis. A general way
to compute the basic reproduction number for this class of time-
dependent periodic systems is to use the numerical method out-
lined in Ngonghala et al. (2014); Wang and Zhao (2008). Here, we
use this technique to investigate the effects of key parameters such
as ITN coverage b0, the mosquito birth rate λm, the maximum
biting rate of mosquitoes βmax, the attraction and feeding pre-
ference factors η;ϕ; ξrh, and ξih, and the ITN replacement time T,
on the basic reproduction number. For comparison, we also com-
puted a time-averaged quantity, which we call R0. First, we com-
puted the average values of bβ and bμ, i.e., we set bβ ¼ 1T
R T
0 bβðtÞ dt
and bμ ¼ 1T
R T
0 bμðtÞ dt. We then deﬁne R0 to be the spectral radius
of the next generation matrix (Van den Driessche and Watmough,
2002), with bβ ¼ bβ and bμ ¼ bμ. This is equivalent to the basic
reproduction number of the autonomous system where bβ and bμ
are set equal to their time-averaged values described above.Fig. 4. The top panel (Graphs (a)–(d)) illustrates the impact of ITN coverage b0, the mos
reproduction numbers: (1) the basic reproduction number R0, for which bβ and bμ are co
(3) the basic reproduction number RT0, for which bβ and bμ are time-dependent. R
1
0 indicat
risk. The bottom panel (Graphs (e)–(h)) illustrates the impact of ITN replacement times, T
disease prevalence. The parameter R10 indicates that the basic reproduction number
λmAf0:017;0:21;0:4;5:0g. Unless otherwise stated on the graph, the parameters used foAs in Ngonghala et al. (2014), our ﬁrst analysis involving the
dynamics of the basic reproduction number compares three cases:
(1) the reproduction number R0, when both the biting rate, bβ and
the ITN-induced mortality rate, bμ, are constant, i.e., bβ ¼ bμw ¼ b0;
(2) the basic reproduction number, R0, when bβ and bμ are aver-
aged; and (3) the basic reproduction number, RT0 for the periodic
time-dependent system.
The top panel of Fig. 4, i.e., Graphs (a)–(d) shows the dynamics
of the basic reproduction number as a function of ITN coverage, b0,
for different values of the mosquito birth rate, λm and the max-
imum biting rate, βmax. Unless otherwise stated, the parameters
used for the simulations are presented in Table 2. When λm ¼ 0:21
and βmax ¼ 0:6, approximately 28%, 41% and 83% ITN coverage is
required to reduce R0;R0 and R
T
0, respectively, below one (Fig. 4
(a)). When λm ¼ 0:21 and βmax ¼ 0:75, approximately 33% and 48%
ITN coverage is required to reduce R0 and R0, respectively, below
one and even 100% ITN coevarge would not be sufﬁcient to reduce
RT0 below one (Fig. 4 (b)). When λm ¼ 0:4 and βmax ¼ 0:5, approxi-
mately 41%, 58%, and 88% ITN coverage is required to reduce R0, R0,
and RT0 below one (Fig. 4 (c)). When λm ¼ 0:4 and βmax ¼ 0:6,
approximately 47% and 67% ITN coverage is required to reduce R0
and R0 below one, while even 100% ITN coevarge will not be
enough to reduce RT0 below one (Fig. 4 (d)). Each of these cases
indicates that the autonomous system and the system with aver-
aged bβ and bμ underestimate disease prevalence. These results
show that in areas in which mosquitoes bite more or in areas with
high mosquito growth, more ITN coverage is required to contain
the disease. In particular, we note that in areas that favor mosquito
growth or mosquitoes bite more, ITNs might not be sufﬁcient to
contain the disease. However, in areas in which mosquito growth
is unfavored or mosquitoes tend to bite less, malaria eradication
through the use of ITNs might be possible.
The impact of ﬁve replacement times (Tr ¼ 1;2;3;4;6 year(s))
on disease prevalence is illustrated in the bottom panel of Fig. 4,
i.e., Graphs (e)–(h). Fig. 4(e) indicates that in areas with low
mosquito birth rates, e.g., λm ¼ 0:17, approximately 30–90% ITNquito birth rate λm, and the maximum biting rate of mosquitoes βmax on three basic
nstant, (2) the basic reproduction number R0, for which bβ and bμ are averaged, and
es that the basic reproduction number is one. Both R0 and R0 underestimate disease
r on the basic reproduction number of the non-autonomous system (2.3), and hence
is one. The parameters used for the simulations are presented in Table 2 and
r the simulations are presented in Table 2.
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between 1–6 years inclusive, Fig. 4(f) indicates that when the
mosquito birth rate is increased slightly to λm ¼ 0:21, approxi-
mately 44–100% ITN coverage is required to get rid of malaria if
ITNs are replaced between 1–4 years inclusive, Fig. 4(g) shows that
in areas with high mosquito populations, approximately 60–95%
ITN coverage is required to get rid of malaria if ITNs are replaced
between 1–3 years inclusive and ITNs will not be enough to con-
tain the disease for replacement times that are longer than or
equal to four years, whereas Fig. 4(h) suggests that in areas with
very high mosquito populations, approximately 68–81% ITN cov-
erage is required to get rid of malaria if ITNs are replaced between
1–2 years inclusive and ITNs will not be enough to contain the
disease for replacement times that are three years or longer than
three years. This is a crucial result since, coupled with the misuse
of ITNs in some endemic areas, ITNs might not be effective for up
to the prescibed 3-year useful life. Similar qualitative results are
observed when mosquitoes bite less or more, i.e., when βmax is
small or large. Our analysis also indicates that a shorter replace-
ment time is required in areas with large mosquito population
sizes, especially if the biting rate of the mosquitoes is high. Thus,
as expected, ITNs perform best if they are replaced within shorter
times compared to longer times. We carried out a second analysis
(graphs not shown here) to investigate the effect of introducing
ITNs with longer life spans on disease prevalence and found out
that ITNs with longer life spans will perform better in malaria
control than those with shorter lifespans, which is in conformity
with the results of a similar analysis carried out in Ngonghala et al.
(2014).
Fig. 5 illustrates the dynamics of the basic reproduction num-
ber as a function of the attraction and feeding preference para-
meters, η;ϕ; ξih, and ξrh for λm ¼ 0:21 (Fig. 5 (a)–(d)) and λm ¼ 0:4
(Fig. 5 (e)–(h)). As observed with the relationship between the
basic reproduction number and ITN coverage, the basic repro-
duction numbers R0 and R0 underestimate disease prevalence.
Hence, we focus the rest of our discussion here on the basic
reproduction number of the time-dependent periodic non-
autonomous system, R0T. When the birth rate of the mosquitoes
is low, i.e., λm ¼ 0:21 and infectious questing mosquitoes are at
most 0.9 times more attracted to humans than uninfected mos-Fig. 5. Numerical simulations illustrating the impact of the attraction and feeding pref
otherwise stated on the graph, the parameters used for the simulations are presentequitoes, it might be possible to contain the disease (Fig. 5(a)),
whereas in areas with high mosquito population growth, i.e.,
λm ¼ 0:4, the disease can be contained if infectious questing
mosquitoes are at most 0.5 times more attracted to humans than
uninfected mosquitoes (Fig. 5(e)). Therefore, disease control
becomes difﬁcult in areas of high mosquito density and if infec-
tious mosquitoes develop the tendency to visit humans in quest
for blood-nourishment frequently. In areas in which mosquitoes
breed less, the disease can be contained if at most 18% of mos-
quitoes are attracted to susceptible humans (Fig. 5(b)), while in
high mosquito breeding areas, disease containment requires at
most 7% of the mosquitoes to be attracted to susceptible humans
(Fig. 5(f)). When λm ¼ 0:21, and mosquitoes are at most 0.36 or at
least 21 times more likely to bite infectious humans than sus-
ceptible humans, then it might be possible to wipe out the disease
(Fig. 5(c)), while when λm ¼ 0:4 and mosquitoes are at least 30
times more likely to feed on infectious humans, disease elimina-
tion might be possible. This is reasonable since it highlights the
fact that when there is a small infectious (human and mosquito)
population and mosquitoes are less attracted to infectious
humans, disease eradication is easy. On the other hand, when
there is a large infectious (human and mosquito) population and
mosquitoes are more attracted to infectious humans than sus-
ceptible humans, disease eradication might also be easy, since
interactions between infectious human and mosquito populations
do not necessarily lead to new infections. It is worth pointing out
that the basic reproduction number R0T is not a monotonic function
of ξih. Finally, when λm ¼ 0:21, and mosquitoes are at least
8.2 times more likely to bite partially immune humans than sus-
ceptible humans, then it might be possible to get rid of the disease
(Fig. 5(d)), while when λm ¼ 0:4 and mosquitoes are at least 13
times more likely to feed on partially immune humans than sus-
ceptible humans, disease elimination might be possible. Thus, if
infectious mosquitoes are attracted more to infectious and par-
tially immune humans, disease spread is reduced, since this
behavioral aspect of the mosquito does not favor the production of
new infections. This analysis reveals that there are parameter
regimes for which R0T is an increasing function of ξih or ξrh and
parameter regimes for which R0T is a decreasing function of ξih or
ξrh and that it is difﬁcult to eradicate the disease in areas providingerence factors η;ϕ; ξih , and ξrh on the basic reproduction numbers R0, R0, and R0
T. Unless
d in Table 2.
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mosquito breeding grounds near human dwellings is an important
disease control measure. The analysis also reveals that eradicating
malaria becomes easy in regions in which infectious mosquitoes
prefer to feed on infectious and immune humans as opposed to
where infectious mosquitoes are attracted to susceptible humans.
To acquire further insights into key parameters that drive the
non-autonomous model, we carry out a global uncertainty and
sensitivity analysis similar to that in Ngonghala et al. (2014) using
the Latin Hypercube sampling (LHS) and Partial Rank Correlation
Coefﬁcient (PRCC) method (Marino et al., 2008). The results show
that uncertainty or variability in the probability that a fed mos-
quito returns to the breeding site θw, the probability that a
questing mosquito feeds successfully on a human pw, and ITN
coverage b0, will introduce the greatest uncertainty or variability
in Ih, with respective PRCCs: 0.9264, 0.8908 and 0:8262. The
infectious human population is also highly sensitive to λm;αu;βmax;
piwsh ;μu; pihsw ; and ϕ with respective PRCCs: 0:7656;0:6938;
0:6816;0:6211; 0:6110;0:5919, and 0.5807. See the SI for a table
of statistically signiﬁcant (p-value o0:01) PRCCs. A similar ana-
lysis with the partially immune humans Rh, shows similar quali-
tative results with the exception of the immunity acquisition rate
σh, which is highly inﬂuential to Rh but not to Ih.
Our ﬁnal analysis involves exploring the impact of the mos-
quito attraction and feeding preference coefﬁcients on the infec-
tious human population, Ih. The dynamics for both the autono-
mous and non-autonomous models are presented in Fig. 6. The
initial condition is the endemic equilibrium in the all-biased case,
i.e., when all parameters are set to their baseline values, with the
exception that δh ¼ 0, and bβ ; bμ ¼ b0. When any of the attraction
or feeding parameters are unbiased, it is set to unity. Fig. 6(a) and
(b) illustrates the dynamics of Ih assuming a constant bed net
efﬁcacy. In Fig. 6(a), the efﬁcacy is equal to its maximum value; i.e.,
bβ ; bμ ¼ b0. In Fig. 6(b), the efﬁcacy is set equal to the average value
of the nonautonomous bed net efﬁcacy functions. Consistent with
our analysis of R0;R0; and R0
T, the disease burden is greatest when
we assume that bednet efﬁcacy decays over time, and smallest
when we assume a constant bed net efﬁcacy equal to the max-
imum efﬁcacy over the lifetime of a bed net. In fact, in Fig. 6(a),
IhðtÞ-0 as t-1 when there is no bias, only ξih is biased, only ϕ is
biased, and when only ξrh is biased, whereas the disease persists in
all scenarios presented in Fig. 6 (b) and (c).
Note that over time, the biases have a bigger impact on the
autonomous model than on the nonautonomous counterpart. One
exception to this observation arises in the comparison of the “No
Bias” and “Biased ξih” cases, which only differ signiﬁcantly when
comparing the transient dynamics of Ih. A biased ϕ means sus-
ceptible mosquitoes are one third less attracted to humans than
infected mosquitoes; thus, the decrease compared with no bias is
expected. A biased η means infected mosquitoes bite twice asFig. 6. Time series plots illustrating the impact of the attraction and feeding preferences
with constant bed net efﬁcacy equal to the maximum efﬁcacy b0, (b) the autonomous
autonomous model. In each case, the bias η results to the highest infectious human popmany humans as susceptible mosquitoes. Thus, the increase in Ih
with an increase in η is expected. Biased ξih or ξrh means that
mosquitoes are twice as likely to try to feed on infected or partially
immune humans, respectively, than susceptible humans. Thus, the
disease does not spread much when mosquitoes, especially those
that are infectious prefer to feed more on infectious/partially
immune humans. The bias η, plays a critical role in determining
disease persistence when no decay in bednet efﬁcacy is assumed
(Fig. 6(a)). Furthermore, when bed net efﬁcacy is assumed equal to
the average efﬁcacy (Fig. 6(b)) and when it is time-dependent
(Fig. 6(c)), the bias in η is responsible for the greatest disease
burden.
Fig. 7 shows three sets of heat maps for the impact of pairs of
attraction and feeding preference parameters on the mean infec-
tious human population once the dynamics have reached a stable
limit cycle. The mean value is calculated as the average between
the maximum and minimum values of the periodic oscillations in
Inh. The results are similar to those illustrated in Fig. 3 for the aut-
onomous model, with some notable exceptions: disease burden is
consistently greater, and the non-monotonicity observed in the
autonomous case appears to be absent in the non-autonomous
case, perhaps a consequence of the greater overall disease burden
in the non-autonomous case.5. Discussion, control policy recommendations and conclusion
5.1. Discussion and control policy recommendations
Although there has been a remarkable decrease in malaria
prevalence between 2000 and 2015 (World Health Organisation,
2015), the disease still constitutes a signiﬁcant source of mortality
and morbidity, especially to Africa. Mosquito control, and ITN-use
in particular, remains one of the primary measures for combatting
malaria. Thus, understanding the effects of ITNs on disease
dynamics will go a long way to inform policy aimed at containing
the disease. We formulated and studied a model for the trans-
mission dynamics of malaria that accounted for mosquito feeding
and reproduction patterns and the decline in ITN-efﬁcacy over
time-aspects that have been omitted in many malaria models.
We showed that when the efﬁcacy of ITNs is constant over time
and there is no disease, a threshold parameter Rm, referred to as
the vectorial reproduction number exists, and that this threshold
can be used to characterize the nonexistence of mosquitoes when
it is less than or equal to unity or the existence of mosquitoes
when it is bigger than unity. The size of Rm is determined by a
number of key parameters including the mosquito birth rate, the
probability that a mosquito succeeds in taking a blood meal, and
the probability that a successfully fed mosquito returns to theon the dynamics of the infectious human population for (a) the autonomous model
model with constant bed net efﬁcacy equal to the mean efﬁcacy, and (c) the non-
ulation.
Fig. 7. Heat maps illustrating the impacts of pairs of attraction and feeding preference parameters on the mean infectious human population. Graph (a) shows that
combining low values of ξih with any value of ξrh will lead to a high infectious human population. Graph (b) indicates that the highest infectious human population size is
observed for high values of ξih and ϕ. Graph (c) suggests that disease prevalence is highest for low values of ξrh. Graph (d) demonstrates that high values of η and ϕ lead to
high infectious human populations.
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mosquito-free equilibrium when Rmo1 and a locally asymptoti-
cally stable human-mosquito equilibrium when Rm41. Thus, it is
possible to reduce the mosquito population to an acceptable
ecological level, even when there is no disease in the population
simply by using ITNs, as reﬂected by the impacts of the key
parameters involved in the expression for Rm.
When ITN efﬁcacy is constant over time and there is malaria in
the population, we showed that there is an epidemiologically
feasible parameter regime for which system (2.3) exhibits a
backward bifurcation. It has been shown in Ngonghala et al. (2012,
2014) that backward bifurcations in models in which mosquito
feeding and reproduction patterns are modeled explicitly are clo-
sely associated with the vectorial reproduction number. Also, it has
been demonstrated in Agusto et al. (2013); Ngonghala et al. (2014)
that backward bifurcations in models with constant ITN efﬁcacy
are linked to complex biological and social interactions in the
infectious populations and are characterized by high malaria-
related human deaths. Backward bifurcations have important
policy interpretations. They indicate that in order to clear a disease
from a population, it might not be sufﬁcient to drive the basic
reproduction number slightly below unity. Instead, a threshold
value for the basic reproduction number (saddle-node bifurcation
point) below which there is no backward bifurcation must be
identiﬁed and control measures designed and applied to reduce
the basic reproduction number below this point. A combination of
control measures within a sustained period of time might be
useful in attaining this goal.
Our study of the impact of biased mosquito feeding preferences
revealed that ignoring these biases may misrepresent the true disease
burden, and that these biases have different degrees of importance
depending on the efﬁcacy of ITNs over time. In particular, ignoring the
fact that infected mosquitoes tend to bite more humans compared to
susceptible mosquitoes (represented by η41 in the model), may
signiﬁcantly underestimate malaria prevalence, especially when ITN
efﬁcacy is constant. We hypothesize that with improved longterm ITN
efﬁcacy (for example, with long-lasting insecticide treated nets), or
more frequent ITN replacement, disease prevalence will not only
decrease, but also mosquitoes might develop more attraction towards
certain classes of humans. Consequently, it may be imperative to
include this degree of complexity intomathematical models of malaria
aimed at studying low-endemic regions, or malaria control that
reduces disease burden. Furthermore, omitting biased feeding beha-
vior may underestimate the level of control needed to reduce the basic
reproduction number R0, below unity when there is no backward
bifurcation or below the saddle-node bifurcation point if there is a
backward bifurcation.
When ITN efﬁcacy wanes over time, we used the approach for
computing the basic reproduction numbers of time-periodic systems
in Wang and Zhao (2008) to explore the impact of ITN coverage andthe mosquito attraction and feeding preferences on the basic repro-
duction number and disease prevalence. We found out that in areas
with low mosquito densities where mosquitoes do not also bite fre-
quently, approximately 83–88% ITN coverage is required to contain
malaria. However, in areas with high mosquito densities or where
mosquitoes bite frequently, ITNs must be complemented with other
mitigation strategies to bring the disease under control. This is very
common in areas in which malaria is highly endemic such as some
sub-Saharan African countries. Complementary malaria control mea-
sures include indoor residual spraying, the use of prophylactic drugs,
intermittent preventive treatment in pregnant women, etc. Our results
reveal that the basic reproduction numbers of the models with con-
stant or averaged ITN efﬁcacy underestimate disease transmission risk.
We also found out that depending on whether the area of study has
high or low mosquito densities, the malaria disease can be controlled
if (1) 7–18% of mosquitoes are attracted to susceptible humans;
(2) infectious mosquitoes are 0.5–0.9 times attracted to humans; or
(3) mosquitoes are 21–30 times more likely to feed on infectious
humans or 8.2–13 times more likely to feed on partially immune
humans. This calls for more ﬁeld work to better understand the
attraction of feeding preference exhibited by various classes of mos-
quitoes to different classes of humans. In particular, although there is
some limited empirical evidence suggesting that mosquitoes are more
attracted to infectious humans than susceptible humans (Lacroix et al.,
2005) and that infectious mosquitoes are more attracted to humans
than susceptible mosquitoes (Smallegange et al., 2013), our study
reveals that there is need for more ﬁeld studies to investigate these
further and to investigate whether there is empirical evidence to
suggest that infectious mosquitoes are more attracted to susceptible
humans than to infectious humans, while susceptible mosquitoes are
more attracted to infectious or partially immune humans than to
susceptible humans. These two situations will amplify disease pre-
valence. A better understanding of the impacts of these biased pre-
ferences can lead to the design and implementation of better disease
control measures. Our analysis also reveals that ITNs perform best
when they are replaced within shorter time periods compared to
when they are replaced after longer time periods, and that in areas
with very high mosquito densities, replacing ITNs after the 3-year
useful life prescribed by WHO might not be enough to contain the
disease. As in Ngonghala et al. (2014), we found out that introducing
ITNs with longer lifespans are better suited for malaria control than
those with shorter lifespans.
Reducing the basic reproduction number below a certain
threshold is necessary for containing the disease. Thus, it is
important to identify and classify model parameters that can be
used to bring down the basic reproduction number. To this effect,
we carried out both a local and a global sensitivity analysis to
understand the impact of various model parameters on the basic
reproduction number. We found out for both the local and global
sensitivity analyses that the basic reproduction number is most
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acquiring a blood meal, the probability that a successfully fed
mosquito returns safely to a breeding site, the ITN coverage and
the probability that a questing mosquito prefers to feed on a
susceptible human. Global uncertainty and sensitivity analyses
were carried out to assess the contributions of the parameters of
the model to the infectious and partially immune human popu-
lations for both the autonomous and non-autonomous models;
i.e., the model for which ITN efﬁcacy is constant over time and that
for which ITN efﬁcacy is allowed to wane over time. Our results
indicate that the same parameters that the basic reproduction
number is most sensitive to are the key model parameters, not
only because they contribute most in inﬂuencing the infectious
and partially immune human populations, but also because they
are important control parameters through which the use of ITNs
can impact disease prevalence. These parameters include the
probability that a mosquito is successful in feeding on a human pw,
the probability that a successfully fed mosquito returns to a
breeding site θw, the ITN coverage b0, the birth rate of mosquitoes
λm, the attraction rate of infectious mosquitoes to humans αu, and
the maximum biting rate of mosquitoes βmax.
5.2. Conclusion
Based on this study, we conclude that understanding the impact of
decaying ITN efﬁcacy is important in malaria control and that inves-
tigating the effects of different feeding biases exhibited by mosquitoes
towards humans can lead to better understanding of malaria trans-
mission dynamics and the identiﬁcation of useful information for
developing and applying more effective disease control measures.
Also, by incorporating mosquito demography, wewere able to conﬁrm
that the probability that mosquitoes successfully feed on humans, as
well as return to the breeding site successfully are important in disease
transmission, a result that is missed in many models for malaria. This
highlights the need for ﬁeld work to collect data that can be used to
estimate these parameters. Finally, relaxing the assumption that all
ITNs are replaced at the same time, investigating the effects of repla-
cing ITNs at different times based on the efﬁcacy, usage, and useful life
of ITNs, and applying the approach advanced in Ngonghala et al.
(2014) to estimate the economic burden of malaria on affected
populations are important subjects for future study.Acknowledgments
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